The production of η ′ mesons in photon-and hadron-induced reactions has been revisited in view of the recent additions of high-precision data to the world data base. Based on an effective Lagrangian approach, we have performed a combined analysis of the free and quasi-free γN → η ′ N , N N → N N η ′ , and πN → η ′ N reactions. Considering spin-1/2 and -3/2 resonances, we found that a set of above-threshold resonances {S11, P11, P13}, with fitted mass values of about MR = 1925, 2130, and 2050 MeV, respectively, and the four-star sub-threshold P13(1720) resonance reproduce best all existing data for the η ′ production processes in the resonance-energy region considered in this work. All three above-threshold resonances found in the present analysis are essential and indispensable for the good quality of the present fits.
I. INTRODUCTION
A wealth of interesting physics can be obtained from studying the production processes involving the η ′ meson [1] , one of the primary interests being here that such production processes may help one extract information on nucleon resonances that cannot be obtained from pion reactions. In fact, current knowledge of most of the nucleon resonances is mainly due to the study of πN scattering and/or pion photoproduction off the nucleon. Since the η ′ meson is much heavier than the pion, η ′ meson-production processes near threshold, therefore, are well suited for investigating high-mass resonances in low partial-wave states. Furthermore, reaction processes such as η ′ photoproduction provide opportunities to study, in particular, those resonances that couple only weakly to pions. This may help in providing a better understanding of the so-called "missing resonances" predicted by quark models [2] , but not found in more traditional pion-production reactions.
In view of the relatively low production rate, until recently there existed only a very limited number of experimental studies of η ′ production reactions. This limited experimental information was reflected in the relatively low number of theoretical investigations of such reactions. For an account of the pre-2004 situation, see Ref. [1] . However, the situation has changed in the past few years, especially in η ′ photoproduction, where highprecision data for both nucleon and deuteron targets have become available [3] [4] [5] [6] . Also, the pp and pη ′ invariantmass distribution data in the pp → ppη ′ reaction are now * huang@physast.uga.edu † helmut.haberzettl@gwu.edu ‡ nakayama@uga.edu available [7] , in addition to the cross-section data [8] [9] [10] . Upper limits for the total cross sections in pn → pnη ′ have also been reported [11] . Given the present situation, with much higher-quality data than were available in the past, we revisit here the production of η ′ and we perform a combined analysis of the reaction channels γN → η ′ N , N N → N N η ′ , and πN → η ′ N . In our previous study of η ′ photoproduction on the proton [1, 12] , we found that cross-section data alone cannot unambiguously constrain the set of minimal spin-1/2 and -3/2 resonances necessary in principle for an adequate reproduction of the data, and we pointed to the necessity of incorporating spin observables (in particular, the beam asymmetry) to constrain our model much more stringently than what can be achieved by utilizing the cross section alone. To date, although there are ongoing efforts to measure the beam asymmetry [13] and the beam-target asymmetry [14] , experimental data for spin observables are not available yet for η ′ production reactions. However, as we shall show in this work, the simultaneous consideration of the high-precision cross-section data in free γp → η ′ p [4] that have only become available recently, together with the cross section data on quasi-free γn → η ′ n [6] and the invariant mass distribution data in pp → ppη ′ [7] , impose sufficient constraints to remove the ambiguity among various sets of possible spin-1/2 and -3/2 resonances.
To analyze the new photoproduction data [4] [5] [6] , we use here the same approach as employed in Ref. [12] for the analysis of the earlier CLAS data [3] . In particular, we include spin-1/2 and -3/2 resonances with parameters determined from best fits to the data. We restrict ourselves to these low-spin resonances because the existing cross-section data alone cannot constrain the resonance parameters unambiguously once higher-spin resonances are added into the model. For this, one must have spin-observable data. Since the present approach is phenomenological, our strategy is to consider the minimum number of resonances that allows us to reproduce the available data with acceptable fit accuracy. This is quite different in spirit from a recent analysis of the new data [4] [5] [6] by Zhong and Zhao [15] who work within a quark-model approach and consider all possible nucleon resonances up to the n = 3 harmonic-oscillator shell. For the quasi-free photoproduction processes [6] , we account for the Fermi motion of the nucleon by folding the cross section of the free process with the momentum distribution of the nucleon inside the deuteron. The analysis of the reaction N N → N N η ′ is done following Ref.
[1] within a distorted-wave Born approximation (DWBA) in which both the initial-and final-state N N interaction is taken into account explicitly.
This paper is organized as follows: In Sec. II, we describe our overall strategy for performing our combined analysis of the photon-and hadron-induced reactions and we also provide some general remarks concerning the resonances required to reproduce the available data. In Sec. III, the present results for the free γp → η ′ p reaction are discussed in conjunction with the most recent high-precision CLAS [4] and CBELSA/TAPS [5] data. In Sec. IV, the analysis of the quasi-free γp → η ′ p and γn → η ′ n reactions is presented. Section V contains the present results for the N N → N N η ′ reaction and in Sec. VI we present the results for the pion-induced η ′ production πN → η ′ N . Our summarizing assessment is given in Sec. VII. In Appendix A, our model for photoproduction as well as for the hadron-induced reactions N N → N N η ′ and πN → η ′ N are described briefly for completeness. Some details of how the Fermi motion of the nucleon inside the deuteron is taken into account in the present work for describing the quasi-free photoproduction processes are also given in Appendix A. Appendix B contains the Lagrangians, form factors, and propagators that define the individual amplitudes in our model.
II. GENERAL PROCEDURE AND FINDINGS
In the following sections, we present separate discussions of our results for photon-and for hadron-induced reactions because this allows us to keep the discussions focused on the reactions at hand. We emphasize, however, that the results are based on simultaneous fits to the available data for the reaction processes considered.
The model assumptions used in describing these reactions consistently with each other are given in Appendix A. In addition to resonance-current contributions, we consider the nucleonic and meson-exchange (ρ and ω) currents. For resonances, in particular, the strategy adopted here is to introduce as few resonances as possible, with parameters adjusted to simultaneously reproduce the data for the γN → η ′ N , N N → N N η ′ , and πN → η ′ N reactions via a least-square minimization procedure. In the present work, we restrict ourselves to spin-1/2 and -3/2 resonances.
The simultaneous treatment of the available reaction data provides insights that cannot be obtained by fitting each reaction and/or each data set individually. For example, considering only the free γp → η ′ p photoproduction data from the CBELSA/TAPS experiments [5] , we can obtain good fits (with χ 2 /N ∼ 1) with only one resonance. By contrast, a similarly good fit to the corresponding high-precision CLAS data [4] requires at least three resonances. Considering two above-threshold resonances instead, one obtains χ 2 /N = 1.7 at best. Moreover, we find that any one of the above-threshold three-resonance sets {P 11 , P 13 , D 13 }, {S 11 , P 11 , P 13 }, and {S 11 , P 13 , D 13 } can reproduce the data equally well. The remaining combination {S 11 , P 11 , D 13 } is ruled out by the data according to our good-fit criterion thus indicating the need for the P 13 resonance for reproducing the data. These findings indicate that in γp → η ′ p the cross-section data alone cannot constrain the set of resonances, even with high-precision data. By contrast, the three acceptable sets of resonances given above yield quite distinct results for the spin observables, in particular, for the beam asymmetry. These findings corroborate the conclusions of our earlier work [12] .
The ambiguity just discussed with respect to the three resonance sets found acceptable in the free photoproduction process γp → η ′ p is completely removed once we include other reactions in our analysis. The set {P 11 , P 13 , D 13 } is ruled out by the quasi-free γn → η ′ n reaction and the set {S 11 , P 13 , D 13 } by the N N → N N η ′ reaction. The only remaining acceptable set, therefore, is {S 11 , P 11 , P 13 }. In addition, we find that to obtain a good description of N N → N N η ′ , in particular, we need an additional below -threshold resonance whose inclusion has no bearing on the quality of any of the results for other reactions considered in this work. In summary, therefore, a good overall description of all reaction processes considered in this work is obtained with a (minimum) set of three above-threshold resonances, {S 11 , P 11 , P 13 }, with the masses of about M R = 1925, 2130, and 2050 MeV, respectively, and one below-threshold P 13 resonance. The latter is the four-star P 13 (1720) quoted in PDG [16] . The masses of these above-threshold resonances are very well constrained by the existing data, in particular, by the CLAS photoproduction data [4] . The CLAS data also constrain reasonably the total widths of these resonances, although to a lesser extent. Hereafter, we shall use the notation S 11 (1925), P 11 (2130), P 13 (2050) to identify these above-threshold resonances, even though the fitted mass values for the various scenarios discussed below (see Table I ) may differ slightly from these values. The resonances found in our analysis may be tentatively identified with the corresponding S 11 (1895)**, P 11 (2100)*, and P 13 (2040)* resonances listed in PDG [16] . We will discuss the constraints imposed by the individual reactions in more detail in subsequent sections.
In this section, we present our results for the free γp → η ′ p reaction. First, we address the issue of possible discrepancies in the data sets from the CLAS [4] and the CBELSA/TAPS [5] collaborations. Then, we discuss the present analysis of these data.
A. Comparison of the CLAS and CBELSA/TAPS data
The most recent CLAS data [4] and the CBELSA/TAPS data [5] are compared in Fig. 1 . As one can see, in general the new CLAS and the CBELSA/TAPS data are consistent for invariant energies below √ s ∼ 2.0 GeV within their uncertainties. For higher energies, however, one sees considerable discrepancies, by factors as large as 3, between these two sets of data for η ′ emission angles away from the forward angles. We note that in addition to the statistical errors, the plots of Fig. 1 include the estimated systematic errors as quoted in Refs. [4, 5] . These systematic errors were not included in the data plots given in these references. The error bars in Fig. 1 were obtained by adding the systematic errors to the corresponding statistical errors in quadrature. For the present purpose of revealing the inconsistencies between these two data sets, this procedure may be justified, even though one might need a more thorough error analysis for a fully quantitative estimate of the total uncertainty in the data. We mention that for η photoproduction, an even more pronounced discrepancy between the CLAS and CBELSA/TAPS data was pointed out in Refs. [4, 5] , however, with no clear identification of the source of the discrepancy (in this respect, see also Ref. [17] ). For comparison, we show in Fig. 1 also the earlier CLAS data [3] which are seen to be consistent with the newer CLAS data.
Leaving out the older CLAS data [3] , we show in Fig. 2 the same data as in Fig. 1 , however, now with curves that result from our fit procedure to the new CLAS [4] and the CBELSA/TAPS [6] data. We will discuss these fit results in detail in the subsequent Sec. III B. Here, we note that if we integrate our fit results for the corresponding angular distributions in Fig. 2 , we obtain the total cross sections shown in Fig. 3 which exhibit markedly different behavior for the two data sets. First, these results clearly reveal an energy-dependent relative normalization problem which increases with increasing energy. We checked, of course, how much this finding is influenced by the uncertainties of the fit procedure and we found that other fits to the data of similar quality, even polynomial fits, have no effect on our conclusion regarding the normalization problem. Again, a similar finding was observed for η photoproduction data [4, 5] , as was pointed out in Ref. [17] . Second, the CBELSA/TAPS data exhibit a pronounced peak structure around 2.05 GeV, while the total cross-section resulting from the fit to the CLAS data shows only a relatively flat bump at this energy. The origin of this pronounced peak structure can be traced back to the measured cross sections in the CBELSA/TAPS data bin around 2.052 GeV. We will discuss this structure in more detail in the following subsection.
B. Analysis of the CLAS and CBELSA/TAPS data
The discrepancy between the CLAS [4] and CBELSA/TAPS [5] data discussed in the previous subsection makes it difficult to consider both data sets as a single set of data for a combined numerical analysis. Since, at present, we have no clear reason to discard one data set in favor of the other, we are forced, therefore, to consider them separately. In view of their differences, we can expect that the resonance parameters extracted from these data sets may be quite different from each other. One of the purposes of this subsection is to see how different they are.
As mentioned, Fig. 2 shows the independent resulting fit curves for the CLAS [4] and for the CBELSA/TAPS [5] data. Both data sets are reproduced with very good fit quality of χ 2 /N = 0.62 and 0.56, respectively. The corresponding model parameter values are displayed in the two columns subsumed under "free p" in Table I . The uncertainties in the resulting parameters are estimates arising from the uncertainties (error bars) associated with the fitted experimental data points. In addition to the resonance-mass and total-width values, the table shows the corresponding reduced helicity amplitudes β N η ′ A j , where β N η ′ denotes the branching ratio to the decay channel N η ′ and A j stands for the helicity amplitude with spin j. The mass and total width of the (four-star) P 13 (1720) resonance have been fixed at the respective centroid values quoted in PDG [16] . Also, the fixed radiative decay branching ratio of β pγ = 0.10% is well within the range of [0.05-0.25]% quoted in PDG for this resonance. The analysis of η production processes in Ref. [18] yielded a value of β pγ ∼ 0.12%. We recall that this sub-threshold resonance is required in describing the N N → N N η ′ reaction but not in photoproduction. As such, its contribution is negligible here (cf. Fig. 4 ) and, consequently, its parameters are not well constrained by the present photoproduction data. In particular, the corresponding reduced helicity amplitudes quoted in Table I are subject to much larger uncertainties than those indicated there, since the extracted very small branching ratio β N η ′ for this resonance (cf. Table III) depends more sensitively on the assumed mass distribution (see discussion in Sec. V) than the corresponding values for the above-threshold resonances. The systematic uncertainties arising from such an assumption are not taken into account in the error numbers given in Table I . Following Refs. [1, 12] , we also set the radiative decay branching ratios for other resonances to be β pγ = 0.2%. Note that in the present tree-level calcu- [5] (red open square) differential cross-section data for the free γp → η ′ p reaction as a function of cos θ (where θ is the η ′ emission angle in the center-ofmomentum frame) for invariant energies up to √ s = 2.35 GeV. The earlier CLAS data [3] (black solid square) are also shown.
The numbers in parentheses denote the photon laboratory incident energy (left number) and the total energy (right number) of the system, with the upper number pair pertaining to the newer CLAS data, the second one to the CBELSA/TAPS experiment, and (where present) the lower one to the older CLAS data. Note that the energies for different experiments shown in the same panel are within ±10 MeV.
lation, the results are rather insensitive to the branching ratios, since they enter the model only through the total decay widths in the resonance propagator (see Appendix B 3), in addition to the fact that the results are sensitive only to the product of the coupling constants g RN η ′ g RN γ . In principle, a simultaneous consideration of photon-and relevant hadron-induced reactions would enable us to disentangle the individual factors contributing to this product of coupling constants. However, the relatively poor quality of the currently existing data for one of the relevant reactions, πN → η ′ N (cf. Fig. 13 discussed in Sec. VI below), does not allow this. We also note that the pseudoscalar-pseudovector mixing parameters λ (see Appendix B 2) are not well constrained by the data, as the corresponding uncertainties indicate. Fig. 1 (but without older CLAS data [3] ), now with curves resulting from our fits discussed in Sec. III B. The CLAS data and fit curves are shown as blue solid circles and blue solid curves, respectively, and the CBELSA/TAPS data and fit curves are depicted as red open squares and red dashed curves, respectively. The curves are the results of a combined fit of the photon-and hadron-induced reactions data and both include the set of resonances {P13(1720), S11(1925), P11(2130), P13(2050)} with parameters given in Table I . All other parameter values that influence the photoproduction reaction directly are also given in Table I .
one of the total widths Γ R of these resonances at the resonance energies W = M R . A marked exception is the P 13 resonance for which the CBELSA/TAPS data yield a much narrower width (cf . Table I) , however, with an associated uncertainty that is very large. We will discuss this issue in more detail below in connection with the total cross-section results shown in Fig. 4 . The parameter values for the S 11 resonance are practically the same for both data sets. We emphasize that the CLAS photoproduction data [4] constrain the masses of the above-threshold resonances very well. In contrast, the CBELSA/TAPS data [5] by themselves cannot constrain these resonance masses because of the overdetermined fit (recall that CBELSA/TAPS data [5] can be fitted only with one above-threshold resonance).
The differences in the corresponding individual current contributions are better seen in Fig. 4 . Comparing the resonance values found in our fits with those quoted in PDG [16] , our P 11 (2130), S 11 (1925), and P 13 (2050) may perhaps be identified with the PDG resonances TABLE I. Model parameter values that directly affect the photoproduction reaction obtained in a combined analysis of the photon-and hadron-induced reactions. The values in the columns labeled CLAS and CBELSA/TAPS subsumed under "free p" correspond to the fit results for the CLAS [4] and CBELSA/TAPS [5] free proton data, respectively. The last row corresponds to the fit results for the CBELSA/TAPS quasi-free proton data [6] P 11 (2100) * , S 11 (1895) * * , and P 13 (2040) * , respectively. As mentioned in Sec. II, the cross section data alone in γp → η ′ p cannot constrain the set of resonances uniquely. We emphasize, however, that acceptable fits of the crosssection data for this reaction cannot be obtained without the above-threshold P 13 (2050) resonance. Both the nucleonic and mesonic currents yield similar contributions for both data sets, even though they are visibly larger for the CBELSA/TAPS data than for the CLAS data. For resonances, we see significant differences in their relative contributions.
The P 11 resonance contribution is much stronger for CBELSA/TAPS than for CLAS, which is responsible for making the full total cross section larger for energies above W ∼ 2.1 GeV. For both data sets the respective S 11 resonance contributions alone are responsible for the sharp rise of the full total cross section (red curves) near threshold, and their corresponding parameter sets are practically identical. By contrast, the sub-threshold P 13 (1720) resonance contribution is negligible.
The clear peak structure in the full total cross exhibited by the CBELSA/TAPS data is produced here by the above-threshold P 13 resonance which is much narrower for the CBELSA/TAPS data than for CLAS. However, the uncertainty associated with its width is very large, as shown in Table I and this width, therefore, is not well constrained. We recall here that the total crosssection data were not fitted, so the peak structure found in the calculated results is a consequence of the fit results of the angular distribution data as shown in Fig. 2 . The origin of this large uncertainty in the width can be traced back to the CBELSA/TAPS measured differential cross-sections at one particular energy only, namely at W = 2.052 GeV, which coincides with the P 13 resonance whose position is fixed very well within our fits with very small errors for both data sets. In view of the large error for the P 13 width for the CBELSA/TAPS data, there is no physical significance in finding the peak structure shown in Fig. 4 . In fact, manually changing the width from 52 to 140 MeV, similar to the width found for the CLAS data, largely smoothes out the peak resulting in an overall χ 2 /N only a few percent worse than what is reported in Table I .
The main conclusion regarding the discrepancy between the CLAS [4] and CBELSA/TAPS [5] data as exhibited in Fig. 1 is that the larger cross-section yield of the CBELSA/TAPS data at higher energies results in a larger P 11 resonance contribution compared to the CLAS data (compare, in particular, the corresponding reduced helicity amplitudes in Table I ). This alone largely leads to the enhancement of the CBELSA/TAPS total cross section over the CLAS results seen in Fig. 3 for energies above W ∼ 2.1 GeV. For future analyses, it is important to resolve this discrepancy in the findings of the CLAS and CBELSA/TAPS experiments if one is to obtain more definitive answers about these above-threshold resonances. Figure 5 illustrates the contributions of the ρ-and ω-meson exchanges to the total mesonic current. Depending on their relative sign, one obtains constructive (red solid curves) or destructive (magenta dotted curves) interference. The motivation for showing this detail here is that the MAID group [19] employ ρ and ω coupling constants in their Regge contribution corresponding to a destructive interference very close to the result shown here for a destructive interference. By contrast, in our present calculations we have a constructive interference between the ρ-and ω-meson contributions following Refs. [1, 12] . Obviously, one gets different resonance parameters whether the interference for this mesonic background is constructive or destructive. As can be seen from Fig. 5 , in the former case, the total mesonic current (red solid curves) is relatively large at forward angles, while in the latter case (magenta dotted curves), it is much smaller over the entire angular range. In our model, the ρ and ω coupling constants (including the respective signs) are determined from the measured decay widths and the SU(3) symmetry considerations in conjunction with the OZI rule (cf. Refs. [1, 12] ) which leads to a constructive interference. We were unable to identify how the signs of the ρ-and ω-meson contributions were determined in Ref. [19] .
In this section, the quasi-free photoproduction processes γp → η ′ p and γn → η ′ n are discussed. They are evaluated by folding the corresponding cross sections for the free processes with the momentum distribution of the target nucleon in the deuteron as described in Appendix A [cf. Eq. (A8)].
We first compare in Fig. 6 the quasi-free γp → η ′ p cross-section data obtained by the CBELSA/TAPS Collaboration [6] with the corresponding free γp → η ′ p data from Refs. [4, 5] . We note that, as for the free γp → η ′ p data, the uncertainties in the quasi-free data shown here include both the statistical and systematic errors added in quadrature. The latter errors were quoted in Ref. [6] but were not included in the data shown in that reference. Here, one sees that the quasi-free data practically coincide with the free data within their uncertainties for most of the angles and energies, although one sees some tendency for stronger angular dependence at a few energies. However, this does not necessarily mean that the free and quasi-free data are compatible with each other as discussed below. It is also interesting to note that, overall, the quasi-free CBELSA/TAPS data are more in line with the free CLAS data [4] than with the free CBELSA/TAPS data [5] , a feature that has been also pointed out in Ref. [6] .
If the quasi-free hypothesis holds true, one would ex- Table I . The peak structure at 2.05 GeV for the latter data is solely due to the narrow P13(2050) resonance. pect that the Fermi motion of the target nucleon inside the deuteron smears out the energy dependence of the free cross section. This then should affect more the cross section at low energies where one usually observes a strong energy dependence in the corresponding free cross section (cf. Fig. 3 ). At higher energies, where the energy dependence of the corresponding free cross section becomes weaker, the Fermi-motion smearing should have very little effect on the cross section. Therefore, based on the free total cross section results shown in Fig. 3 , it is conceivable to expect the Fermi motion to affect the cross section up to about W ∼ 2 GeV. However, this is not what we observe in Fig. 6 , where the quasi-free and free data still coincide with each other down to the lowest energy (W = 1.935 GeV) for which the free data are available. It would be interesting to also have data for the free process for lower energies closer to the threshold energy (at 1.896 GeV) to see the energy region where Fermi motion is relevant in this reaction. Figure 7 shows the same quasi-free γp → η ′ p differential cross-section data as in Fig. 6 , but now with our results. The cyan dashed curves are obtained by simply folding the fit results of the free CBELSA/TAPS data [5] shown in Fig. 2 with the momentum distribution of the proton inside the deuteron according to Eq. (A8), and the olive short-dashed curves correspond to the analogous results obtained for the free CLAS data [4] . There are no extra fit parameters here; the parameters are all pre-determined by our fits of the free γp → η ′ p reaction. First, we see that the differences between the two sets of results obtained by folding are much smaller than what we observed in Fig. 2 for the free process at low energies. Here, the Fermi motion may be smearing out the differences observed there. Comparing with the data, we see that the present model predictions are overall fairly reasonable considering the fact that there are no free parameters to fit. We reiterate here, however, that the quasi-free data exhibit a stronger angular dependence for some energies, a finding already pointed out in connection with the discussion of Fig. 6 . Also, the present predictions seem to exhibit a slight tendency to underestimate the lower-energy quasi-free data. This feature will be clearer as discussed below. The prediction corresponding to the fit result of the free CBELSA/TAPS data [5] (cyan dashed curves) tends to overpredict the data at some higher energies. Overall, the fits of the folded free CLAS [4] and CBELSA/TAPS [5] data have an increased χ 2 /N of 1.4 and 2.5, respectively.
The red solid curves in Fig. 7 correspond to the fit results of the quasi-free data also obtained via Eq. (A8). The resulting parameters for this fit are shown in the right-most column of Table I for a direct comparison with those resulting from the free data fit. Here, the resonance mass values were fixed to be the average of the fit results of the free CLAS and CBELSA/TAPS data, since they are well determined by these free data. As can be seen, the fitted values of the other parameters are close to the corresponding values obtained from the fit of the free data as expected for the quasi-free process. The only notable difference is in the reduced helicity amplitudes, β N η ′ A j , for the spin-1/2 resonances. For the P 11 (2130) resonance, the value is much closer to the free CLAS result, which is understandable because at higher energies, the quasi-free data are much closer to the free CLAS data than to the free CBELSA/TAPS data. This might indicate a possible normalization problem in the [6] are represented here by solid (blue) squares. The (cyan) dashed and the (olive) short-dashed curves are obtained by respectively folding the CBELSA/TAPS and the CLAS fits of Fig. 2 . The latter two folded fits have no extra parameters. The (red) solid curves provide the fit results of the quasi-free data, also obtained by using Eq. (A8). The parameters of this fit are given in the right-most column of Table I. free CBELSA/TAPS data at higher energies. For the S 11 (1925) resonance, the reduced helicity amplitude is almost a factor of 2 larger than the corresponding values extracted from the free data. As can be seen in Fig. 7 , this is also easy to understand; the fit simply tries to enhance the cross section at lower energies, where the results obtained by folding the free cross sections without any fit parameters tend to underestimate the data.
Summarizing the discrepancies between quasi-free data and the Fermi-folded free cross sections, we find that the folded free results tend to underestimate the quasi-free data at lower energies and for higher energies, we find that, if anything, the folded free results are above the quasi-free results for some energies, in particular for the CBELSA/TAPS results. There might be two possible causes for this energy-dependent difference between the theoretical folding procedure and the corresponding experimental analysis: (i) Our prescription for accounting for the Fermi motion is not quite adequate [see Appendix A 2, in particular, Eq. (A8)]. This prescription, however, works quite well for η photoproduction [20, 21] where there is a much stronger energy dependence in the cross section close to threshold. To test how sensitive the results are on the details of the folding procedure, we have also employed the alternative prescription of Eq. (A7) which treats the total energy available to the γp → η ′ p subsystem differently from Eq. (A8) (for details, see Appendix A 2), and we found no appreciable differences. (ii) The quasi-free data contain additional nuclear effects at lower energies which cannot be adequately described by the simple folding procedure. In fact, our calculation shows in Fig. 7 that the effect of Fermi folding can be seen for energies up to about 2 GeV, while the direct comparison of quasi-free and free data in Fig. 6 do not show this effect for energies down to the lowest energy of 1.934 GeV available for the free data. We note in this context that to force the theoretical folding results to agree with the quasi-free data at lower energies, we would need to drastically cut the higher-momentum part of the deuteron wave function. Further investigation are necessary to find out which of these two possible causes applies here -or perhaps even a combination of both.
One purpose of fitting the quasi-free data here is to have a quasi-free proton result on the same footing as the quasi-free neutron result, since the latter has to be fitted to the corresponding quasi-free data to fix the reso- nance transition electromagnetic couplings. In this way, quantities such as the ratio of the neutron and proton branching ratios will be free of possible unwanted effects which may distort the results otherwise.
In Fig. 8 we show the results for the quasi-free γn → η ′ n reaction. As mentioned in Sec. II, incorporating this reaction in our combined analysis rules out the set of above-threshold resonances {P 11 , P 13 , D 13 } which otherwise for the free γp → η ′ p reaction reproduces the data just as well as the set {S 11 , P 11 , P 13 }. Overall, we reproduce the quasi-free γn → η ′ n data reasonably well, with χ 2 /N = 0.82. The calculation requires adjusting free resonance-neutron-γ (Rnγ) coupling constants that need to be determined through the combined fit of the photon-and hadron-induced reaction data. Table II displays the resulting values. For the P 13 (1720) resonance, we obtain β nγ = 0.016% which is at the upper limit of the range of [0.0 -0.016]% quoted in PDG [16] . We note that, as in the free γp → η ′ p case, here the parameters associated with this sub-threshold resonance are not well constrained by the data. In Table II , we also give the ratio of the neutron-to-proton branching ratios. The sign of this ratio reflects the relative sign in the corresponding neutron and proton electromagnetic coupling constants. Although the branching ratios may be subject TABLE II. Electromagnetic couplings extracted from the CBELSA/TAPS quasi-free neutron data [6] in a global fit of the photon-and hadron-induced reactions data. The corresponding branching ratios of resonances decaying into nγ and pγ, βnγ /βpγ , are listed in the last row. The sign of this ratio reflects the relative sign in the corresponding neutron and proton electromagnetic coupling constants. (2050) to a considerable ambiguity since, as discussed in the previous section, only the product of the coupling constants g RN η ′ g RN γ is well determined in the present calculation, the ratio β nγ /β pγ is free of such an ambiguity.
P13(1720) P13
In this section, we discuss our results for the nucleoninduced reaction N N → N N η ′ obtained from the com- bined analysis of this reaction together with the πN → η ′ N and γN → η ′ N reactions. As mentioned in Sec. II, we find that among the spin-1/2 and -3/2 resonances considered in this work, the set of above-threshold resonances {S 11 , P 11 , P 13 } plus the sub-threshold P 13 (1720) resonance yields the best fit to all the available η ′ production data in the energy range considered in this work for photon-and hadron-induced reactions. The subthreshold P 13 (1720) resonance, in particular, is required to help reproduce the observed shape of the η ′ angular distribution at the excess energy of Q = 46.6 MeV measured by the COSY-11 Collaboration [10] . We recall here that in the present analysis, the mass of the sub-threshold P 13 as well as its width were fixed at the outset at the centroid values of the P 13 (1720) * * * * quoted in PDG [16] . As has been mentioned in Sec. II, we also note that the N N → N N η ′ reaction rules out the set of above-threshold resonances {S 11 , P 11 , D 13 } which fits the photoproduction data as well as the set {S 11 , P 11 , P 13 }. As discussed later in connection with the invariant pp mass distribution in Fig. 12 , the set {S 11 , P 11 , D 13 } is unable to reproduce the measured invariant pp mass distribution. In the following, for simplicity, we restrict ourselves to the results obtained in conjunction with the CLAS photoproduction data (cf. Table I, column labeled "free p" CLAS) because the results corresponding to the other parameter sets shown in Table I can fit the N N η ′ data equally well.
The set of the parameter values of the present model that directly affect the hadronic processes is displayed in Table III . The values result from the combined fit of the η ′ production in photon-and hadron-induced reactions. The resonance partial decay widths were calculated by folding the partial decay widths for a given decaying resonance mass and a given emitted meson mass with the corresponding mass distributions. For the latter, we assume Gaussian distributions with widths given by the corresponding total widths of the resonance and of the meson. The branching ratio β N η ′ for the sub-threshold P 13 (1720) resonance is extremely small because this arises only from the far (upper) tail of its mass distribution. As such, it is subject to considerable uncertainties. In the present work, the resonance coupling constants cannot be determined uniquely because the available data for η ′ production are not sufficient to impose more stringent constraints. In particular, the lack of pn → pnη ′ datathere exist only three upper-limit total cross-section data points (see Fig. 9 ) -makes it difficult to constrain quantitatively the relative contributions of the isoscalar (η, ω) and isovector (π, ρ) meson exchanges. It is also clear that one needs to consider meson-production reactions other than η ′ production to better constrain the relevant coupling constants.
Our result for the pp → ppη ′ total cross section is shown in Fig. 9 . We see that the data are nicely reproduced over a wide range of excess energy. The dynamical content of the present model is also displayed. One sees that the spin-1/2 and -3/2 resonance contributions [in Fig. 9 , N 11 = S 11 (1925) + P 11 (2130) and N 13 = P 13 (1720) + P 13 (2050), respectively] have different energy dependencies. In the lower excess-energy region, the spin-1/2 resonance contribution is only slightly smaller than the spin-3/2 resonance contribution, but as the energy increases, the spin-3/2 resonance contribution starts to dominate. Here, the dominant spin-3/2 resonance contribution is due to the P 13 (2050), while the dominant spin-1/2 resonance contribution is from the S 11 (1925) resonance. Although the overall relative N 11 and N 13 resonance-set contributions are well determined, the individual spin-1/2 and -3/2 resonance contributions within the set are not well constrained by the existing data, which is the reason why we only show the contributions of the sums of the spin-1/2 (N 11 ) and the spin-3/2 (N 13 ) resonances. The nucleonic and mesonic currents yield contributions that are much smaller than those of the resonances in the entire excess-energy range shown in Fig. 9 . The result for the pn → pnη ′ total cross section is also shown in Fig. 9 . The pnη ′ together with the ppη ′ reactions helps constraining the isoscalar-and isovectormeson couplings (here, M = π, η, ρ, ω) to the resonances. Unfortunately, only the upper limit of the cross section in a limited energy range is currently available for the pnη ′ process. Therefore, the isoscalar-isovector meson exchange content of the present model is subject to this limitation in the existing data.
The results for the η ′ angular distribution in pp → ppη ′ at the excess energies of Q = 46.6 and 143.8 MeV are shown in Fig. 10 . The data are reproduced very well. We recall that the sub-threshold P 13 (1720) resonance is needed to reproduce the experimentally observed η ′ angular distribution, especially, at Q = 46.6 MeV. Here, one might regard this resonance as simulating some missing background in the present model. In this connection, however, we mention that this resonance is the closest known resonance to threshold that helps to reproduce the measured angular distribution. In the left-hand-side column, at Q = 46.6 MeV, we see that the angular distribution is dominated by the η ′ in the s-wave due to the completely dominant transition 3 P 0 → 1 S 0 s. At the higher energy of Q = 143.8 MeV, the s-wave contribution still dominates to a large extent, leading to a nearly flat angular distribution as exhibited by the data, even though the 3 P 0 → 1 S 0 s partial-wave contribution is somewhat smaller at this high energy than at the lower energy of Q = 46.6 MeV. As can be seen in the panels on the right-hand-side column in Fig. 10 , the flat angular distribution, especially at higher energy, is achieved in the present model by an interference among different currents, in particular, between the spin-1/2 and -3/2 resonance currents.
In Fig. 11 , the result for the pη ′ invariant mass distributions at an excess energy of Q = 16.4 MeV is shown. The data are reproduced well.
The pp invariant mass distribution together with the η ′ angular distribution poses a relatively strict constraint on the set of resonances, provided they are above-threshold resonances. In particular, the set of above-threshold resonances {S 11 , P 11 , D 13 }, which describes the photoproduction data as well as the set {S 11 , P 11 , P 13 }, is unable to reproduce the higher energy region of the measured pp invariant mass distribution by the COSY-11 collaboration [7] . As we shall discuss below, the present result for the pp invariant mass distribution in pp → ppη ′ reaction has an interesting implication on the issue of the reaction mechanisms in the pp → ppη reaction. In the latter reaction, there has been observed a significant enhancement of the cross section for larger pp invariant mass values compared to that given by the phase-space plus the pp FSI [22, 23] . One of the possible explanations for this enhancement is the relatively strong N η FSI. However, as pointed out in Ref. [7] , the shape of the pp invariant mass distribution data in ppη at Q = 15.5 MeV is practically the same as that of ppη ′ shown in Fig. 12 . Since the N η ′ FSI is much smaller than the N η FSI, the explanation of the enhancement based on the N η FSI was ruled out in pp → ppη in Ref. [7] . In Ref. [24] , an alternative explanation, based on the higher partial-wave (final state Pwave) contribution, was proposed, together with a way to verify this proposed mechanism in a model-independent manner. Yet another explanation is the energy dependence of the basic production amplitude J [cf. Eq. (A9)] as proposed in Ref. [25] . Figure 12 shows our results for the pp invariant mass distribution in pp → ppη ′ revealing a good agreement with the COSY-11 data [7] . In the left panel of Fig. 12 one sees that the pp invariant mass distribution is practically exhausted by the 3 P 0 → 1 S 0 s partial wave. This is quite surprising in view of the findings of Ref. [24] mentioned above, where a significant final-state P -wave [10] and from DISTO (143.8 MeV) [9] . contribution was found in the higher pp invariant mass region in the pp → ppη reaction. The present finding implies that the S-wave basic production amplitude (J) in the present model should have an energy dependence as proposed in Ref. [25] , since the pp invariant-mass dependence introduced by the pp FSI is not enough to account for the enhancement of the measured pp invariant-mass distribution at larger invariant masses. This finding tells us that the conclusion reached in Ref. [7] ruling out the N η FSI as a possible source of the enhancement in the pp invariant mass distribution at larger invariant mass values based on the comparison of the corresponding shapes in ppη and ppη ′ has to be taken with caution since there might be different mechanisms operating in these reactions as shown explicitly here in Fig. 12 . At this stage, it is natural to ask what the underlying dynamics is in the S-wave contribution that accounts for the enhancement of the pp invariant mass distribution at larger invariant mass values in pp → ppη ′ as compared to that in the pp → ppη reaction, where the enhancement arises from the 1 S 0 → 3 P 0 s partial wave. In the right panel of Fig. 12 , we show the individual current contribution to the pp invariant mass distribution. We see that the enhancement at higher values of invariant mass is largely due to the constructive interference between the spin-1/2 (green dash-dotted curve) and the spin-3/2 (maroon dash-double-dotted curve) resonance contributions. The present model prediction for pp invariant-mass distribution at a higher excess energy of Q = 46.6 MeV is shown in the left panel of Fig. 13 . Here one sees an onset of the 1 D 2 → 3 P 2 s contribution. This result together with the result in Fig. 12 reveal that the P -wave contribution in pp → ppη ′ is much smaller than that in pp → ppη. For a close comparison with the pp invariant mass distribution in the pp → ppη reaction at higher excess energies, we show in the right panel of Fig. 13 ′ at an excess energy of Q = 16.4 MeV. The blue solid curve corresponds to the full result determined in conjunction with the fit to the η ′ photoproduction data. The data are from Ref. [7] . Here, the theoretical results have been multiplied by an arbitrary normalization factor of 1.478 in order to facilitate the comparison of the shape with the data.
results at Q = 41 MeV from Ref. [24] . Here we see a striking difference between the model results for the two reactions. In pp → ppη, there is a very large enhancement in the pp invariant mass distribution at higher invariant mass values due to the 1 S 0 → 3 P 0 s partial wave contribution. By contrast, this partial wave contribution is minimal in the pp → ppη ′ reaction. It would be very interesting to have measurements of the pp invariant mass distribution at this excess energy in pp → ppη ′ to verify the present model prediction. Obviously, these are model-dependent results. As such, it will be very interesting to verify them in a model-independent manner as pointed out in Ref. [24] .
Experimental data for the πN → η ′ N reaction are scarce. The only available data are the total cross sections for π − p → η ′ n and π + n → η ′ p [26] [27] [28] which are subject to large uncertainties, as can be seen in Fig. 14 . Notwithstanding the fact that these data offer little constraints for the model parameters, they were included in the global fit and the corresponding fit results are also shown in Fig. 14 . We note here that within the present model the results for π − p → η ′ n and π + n → η ′ p are identical. An interesting feature of the present model result is the double-bump structure caused by the S 11 (1925) and an interplay of the P 13 (2050) and P 11 (2130) resonances (cf. Table III) . The S 11 (1925) resonance is just about 20 MeV above threshold. In view of their large uncertainties, the currently existing data shown in Fig. 14 can indeed accommodate such a structure, however, clearly more accurate data are needed for a definitive answer. If experimentally corroborated, such a bump structure would rule out the sub-threshold resonance-dominance assumption of Ref. [29] , where S 11 (1535) resonance dominance is assumed to describe both the πN → η ′ N and N N → N N η ′ cross-sections data since it is not possible to generate any bump structure from sub-threshold resonances alone.
VII. SUMMARY
In the present work, we have revisited the theoretical description of η ′ production in photon-and nucleoninduced reactions to take into account the recent additions of accurate data to the corresponding world data base [4] [5] [6] [7] 11] . All of the currently available data in the resonance-energy region considered in this work are nicely reproduced within the present model in a combined analysis of the reactions γN → N η ′ , N N → N N η ′ , and πN → η ′ N . Considering only spin-1/2 and -3/2 resonances, we have found that the data are reproduced with a minimum of four resonances, i.e. P 13 (1720), S 11 (1925), P 11 (2130), and P 13 (2050). The P 13 (1720) is a four-star resonance listed in PDG [16] , and the later three resonances can be tentatively identified with the two-star S 11 (1895), one-star P 11 (2100), and one-star P 13 (2040) as listed in PDG [16] . All three above-threshold resonances quoted above are essential for achieving the fit quality obtained in this work. Leaving out any one of them deteriorates the fit quality considerably. The high-precision CLAS photoproduction data [4] constrain the masses of the above-threshold resonances very well.
We emphasize that, given the absence of spinobservable data, only the combined analysis in the present work of recently obtained high-precision crosssection data across different reactions enabled us to impose sufficient constraints to unambiguously determine a minimum set of spin-1/2 and -3/2 resonances. Incorporation of more resonances, especially of higher-spin resonances, requires experimental data on spin observables. Currently, the beam asymmetry and the beamtarget asymmetry in γp → η ′ p are being measured by the CLAS Collaboration [13] and CBELSA/TAPS Collaboration [14] , respectively.
In the free γp → η ′ p reaction, there is a significant discrepancy between the most recent CLAS [4] and CBELSA/TAPS [5] data. Since currently there is no clear reason to discard one set in favor of the other, these two data sets lead to differences in the extracted resonance parameters depending on which set is used for the analysis. The major difference is in the extracted coupling strength of the P 11 (2130) resonance, where the CBELSA/TAPS data [5] yield a much larger coupling than the CLAS data [4] due to the larger cross sections exhibited by the CBELSA/TAPS data at higher energies.
The quasi-free γp → η ′ p and γn → η ′ n reactions have been also considered as a part of the combined shows the nucleonic+mesonic currents (red dashed), the spin-1/2 resonances (green dash-dotted), the spin-3/2 resonances (maroon dash-double-dotted), and the sum of the spin-1/2 and -3/2 resonances (magenta dotted) contributions. The data are from Ref. [7] . Here, the theoretical results have been multiplied by an arbitrary normalization factor of 1.478 in order to facilitate the comparison of the shape with the data. [24] for the pp invariant mass distribution in pp → ppη at an excess energy of Q = 41 MeV. The two dominant partial-wave contributions, 3 P0 → 1 S0s (red dashed curve) and 1 S0 → 3 P0s (green dash-dotted curve), are also shown. The data are from Ref. [22] .
analysis of the photon-and nucleon-induced reactions. The latter (quasi-free) reaction helps to constrain the set of above-threshold resonances. Overall, these reactions were reasonably well described by folding the cross sections of the corresponding free processes with the Fermi distribution of the nucleon inside the deuteron. The ratio of the neutron to proton electromagnetic couplings for the considered resonances were extracted. Overall, the CBELSA/TAPS proton quasi-free data [6] coincide with the proton free data within their uncertainties for most of the angles and energies, although the quasi-free data are more in line with the free CLAS data [4] with the free CBELSA/TAPS data [5] at higher energies, where the effect of the Fermi motion of the nucleon inside the deuteron is expected to have faded out. This might be an indication of a possible problem with the CBELSA/TAPS proton free data [5] . At lower energies, down to W = 1.935 GeV, the lowest energy for which the proton free data exist, the data of Ref. [6] show no sign of the Fermi-motion effect, while the present model calculation exhibits this effect up to W ∼ 2 GeV. Further studies are necessary to identify the cause of this seeming discrepancy between the data and the model result. We found that the existing photon-induced reactions themselves can be described by a set of three above-threshold resonances. However, the photoproduction data alone cannot constrain the set of resonances uniquely. In the present analysis, we also incorporate the pp invariant mass distribution data in the N N → N N η ′ reaction to obtain a restriction to a single set of abovethreshold resonances. The data clearly require the abovethreshold P 13 (2050) resonance. Furthermore, the η ′ angular distribution data in this reaction cannot be described adequately without the sub-threshold P 13 (1720) resonance. Clearly, these findings illustrates that meson productions in N N collisions can help impose constraints on the resonances. As pointed out in Ref. [12] , spin observables in η ′ photoproduction, in particular the beam asymmetry, are much more sensitive to the details of the model than are the cross sections. We also expect that the analyzing power in N N → N N η ′ is sensitive to the excitation mechanism of a given resonance, as is the case for the N N → N N η reaction [30] . Also, in view of the contrasting results in pp → ppη and pp → ppη ′ reactions shown in Fig. 13 , it will be very interesting to measure the pp invariant mass distribution at an excess energy of Q ∼ 45 MeV in the latter reaction to learn more about the possible production mechanism(s) in this reaction.
As has been pointed out in Refs. [1, 12] , the determination of the coupling strength of η ′ to nucleon is of special interest, particularly, in connection to the so-called nucleon spin crisis. In Ref. [12] , based on the then available data, we estimated the upper limit of the N N η ′ coupling constant to be g N N η ′ 2. From the present analysis, with much higher precision data, we now expect this coupling constant to be not much larger than g N N η ′ ≈ 1, as can be seen from Table I .
Finally, even though the hadronic final-state interactions in the reactions γN → η ′ N and πN → η ′ N was not considered explicitly in the present work, it has been accounted for effectively through the generalized contact current of the photoprocess. In principle, the η ′ N FSI should be determined in a dynamical coupled channels approach, such as that of Ref. [31] . However, this is currently not an easy task in practice because the scarcity of the relevant data in the η ′ N channel restricts severely the determination of the FSI in this channel with reasonable accuracy. In this connection, spin observablessuch as the target asymmetry in photoproduction -may be of particular relevance to help determine the FSI [18] . [ 32, 33] . Following Refs. [32, 33] , the generalized contact current M µ c is chosen to be
where Γ N N η ′ stands for the N N η ′ vertex operator, without the corresponding isospin operator and the form factor. The latter enter the auxiliary current C µ that is given by
with k, p, and p ′ denoting the four-momenta of the incoming photon, initial nucleon and final nucleon, respectively, andF
with indices x = s, u corresponding to the Mandelstam variables appropriate for the respective kinematic situations depicted in Fig. 15 . The factors δ x are unity if the corresponding channel contributes to the reaction in question, and they are zero otherwise; f x denotes the appropriate form factor. The parameterĥ may be an arbitrary (complex) function,ĥ =ĥ(s, u, t) which, in general, is subject to crossing-symmetry constraints. (However, in the application discussed in this work, we simply takê h as a fit constant.) The interaction Lagrangians as well as the form factors that provide the meson-nucleon-baryon and photonnucleon-baryon vertices involved in the amplitudes M 
Quasi-free photoproduction
Following Refs. [6, 20, 34] , the quasi-free η ′ photoproduction processes are described within a spectator model by folding the cross sections for the corresponding free processes with the momentum distribution of the nucleon inside the deuteron.
In the laboratory frame, the deuteron is at rest and the spectator nucleon inside the deuteron is on its mass-shell and has three-momentum p s = −p N . Therefore, the energy E N of the participant nucleon inside the deuteron is given by
where m s denotes the mass of the spectator nucleon. The invariant mass square of the
can be expressed in the laboratory frame, where the participant nucleon inside the deuteron has three-momentum p N , as
where
denotes the incident photon energy with s denoting the invariant mass squared of the γd system and M d denoting the deuteron mass. The unit vector is given byk ≡ k/|k|, where k denotes the threemomentum of the incident photon.
Of course, one must have Q(p N ) ≥ m N + m η ′ for the quasi-free γN → η ′ N process to take place. Together with this condition, the invariant mass squared, Q 2 , in Eq. (A5) can be expressed in terms of the fourmomentum transfer square
N , where p d and p s stand for the four-momenta of the deuteron and the spectator nucleon, respectively, as
The differential cross section of the quasi-free photoproduction process is, then, approximated as
is the usual step function that is equal to 1 for x ≥ 0 and 0 otherwise. It has been introduce for the sole purpose of making explicit that Q(t, p N ) ≥ m ′ η + m N for the free γN → η ′ N process to take place. θ is the scattering angle between outgoing meson and incoming photon. Ψ(p N ) is the deuteron wave function in momentum space. dσ/dΩ| free is the differential cross section for a free photoproduction process.
A variant of Eq. (A8) is to restrict the participant nucleon to be on its mass-shell in the argument of dσ/dΩ| free in Eq. (A7) [6, 20, 21] , i.e.,
There are at least two reasons for this on-shell restriction.
One is the fact that the free cross sections that enter the equations above are "on shell". The other is that by restricting t = m 2 N , the effect of the Fermi folding is to smear out the free cross section keeping the centroid position, corresponding to dσ/dΩ free (W, θ), not to be shifted. The latter feature seems to better reproduce the quasi-free η photoproduction data [20, 21] .
In the present work we employ Eq. (A8), but also obtained results using Eq. (A7) and we find little difference between the two prescriptions.
Hadronic production
The πN → η ′ N reaction is described here within a tree-level approximation, analogous to the description of πN → ηN in Ref. [18] . We take into account the nucleonic and resonance contributions as depicted in Fig. 16 . In principle, one could also include the t-channel diagrams such as the (rank-two) tensor meson a 2 (1320) exchange, whose decay branching ratio to η ′ π is quoted to be BR(a 2 → η ′ π) = 5.3 ± 0.9 × 10 −3 [16] . We have not considered such contributions in the present work since we do not expect that including them would alter our results in any significant manner. The propagators, vertices, and form factors necessary for calculating the Feynman diagrams in Fig. 16 are given in Appendix B.
The hadronic reaction N N → N N η ′ is described according to the model put forward in Refs. [18, 30, 35] . The DWBA amplitude M for this process is given by
where T n , with n = i, f , denotes the N N T -matrix interaction in the initial (i) or final (f ) state, and G n is the corresponding two-nucleon propagator (which absorbs the factor i found in the DWBA formula given in Ref. [30] ). J sums up the basic η ′ production mechanisms depicted in Fig. 17 . The interaction Lagrangians as well as the form factors necessary for constructing the basic production amplitude J are given in Appendix B. In the absence of models capable of providing a reliable off-shell N N initial state interaction (ISI), we consider it only s s
The notation is the same as in Fig. 15 .
in the on-shell approximation following Refs. [30, 36] . This was shown to be a reasonable approximation for calculating cross sections [36] . For the on-shell N N interaction, we consider the phase-shifts and inelasticities from the SAID partial-wave analysis [37] . All the partial waves up to total angular momentum J = 7 are considered. The N N FSI is generated using the Paris potential [38] where the Coulomb interaction is taken into account fully as described in Ref. [35] . We also follow Ref. [39] to convert the Paris N N interaction, which obeys the non-relativistic Lippman-Schwinger equation, to the one obeying the three-dimensionally reduced version (a la Blankenbecler-Sugar) of the relativistic Bethe-Salpeter equation in order to be consistent with the relativistic covariant approach used in the present work. We also use the Blankenbecler-Sugar propagator for the two-nucleon propagator G f in Eq. (A9) for consistency. The interaction Lagrangian used to construct our model for the basic production amplitudes is given below. For further convenience, we define the operators
′ . Time proceeds from right to left. The full amplitude, with additional initial-and final-state contributions, is given by Eq. (A9). As in Fig. 15 , N and R denote the intermediate nucleon and resonances, respectively, and M incorporates all exchanges of mesons π, η, ρ, ω, σ, and a0 (≡ δ) for the nucleon graphs and π, ρ, and ω for the resonance graphs. External legs are labeled by the four-momenta of the respective particles; the hadronic vertices s, u, and t here correspond to the same kinematic situations, respectively, as those identified similarly in Fig. 15 . The nucleonic (nuc), resonance, and meson-exchange (mec) contributions referred to in the text correspond, respectively, to the first, second, and third lines of the diagrams on the right-hand side.
Electromagnetic interaction Lagrangians
where e stands for the elementary charge unit, and e ≡ (1 + τ 3 )/2 andκ ≡ κ p (1 + τ 3 )/2 + κ n (1 − τ 3 )/2, with the anomalous magnetic moments κ p = 1.793 of the proton and κ n = −1.913 of the neutron; M N stands for the nucleon mass. F µν ≡ ∂ µ A ν − ∂ ν A µ with A µ denoting the electromagnetic field and ε αµλν is the totally antisymmetric Levi-Civita tensor with ε 0123 = +1. The mesonmeson electromagnetic transition coupling constants in the above Lagrangians, g η ′ ργ = 1.25 and g η ′ ωγ = 0.44, are extracted from a systematic analysis of the radiative decay of pseudoscalar and vector mesons based on flavor SU (3) symmetry considerations in conjunction with vector-meson dominance arguments [35] ; their signs are inferred in conjunction with the sign of the coupling constant g πvγ (v = ρ, ω) determined from a study of pion photoproduction in the 1 GeV energy region [40] . The resulting η ′ vγ vertex is multiplied by the form factor f v (t) which describes the off-shell behavior of the intermediate vector meson with squared momentum transfer t = (p − p ′ ) 2 (cf. fourth diagram in Fig. 15) . We use the dipole formf
The cutoff Λ * v , taken to be identical for both ρ and ω, is a fit parameter.
The resonance-nucleon-photon-transition Lagrangians are
where the superscript of L RN γ denotes the spin and parity of the resonance R. The coupling constants g (i) RN γ (i = 1, 2) are fit parameters.
Hadronic interaction Lagrangians
In this subsection, we use S (= σ, a 0 ), P (= η, π), and V µ (= ω µ , ρ µ ) to denote the scalar, pseudoscalar, and vector meson fields, respectively. The vector notation refers to the isospin space. For isovector mesons, S ≡ S · τ , P ≡ P · τ , and V µ ≡ V µ · τ .
The Lagrangians for meson-nucleon interactions are
where the parameter λ was introduced in L N N P to interpolate between the pseudovector (λ = 0) and the pseudoscalar (λ = 1) couplings. The N N η ′ coupling constant, g N N η ′ , is a fit parameter. All the other coupling constants in the above Lagrangians are taken from Ref. [41] , with the exception of g N N ω = 10 as explained in Ref. [30] .
The η ′ vv (v = ρ, ω) Lagrangians are
The coupling constants, g η ′ ρρ = 5.51 and g η ′ ωω = 5.42, are obtained from a systematic analysis of the radiative decay of pseudoscalar and vector mesons based on SU (3) symmetry considerations; their signs are inferred, in conjunction with vector-meson dominance assumptions, from the sign of the coupling constant g πvγ (v = ρ, ω) determined from a study of pion photoproduction in the 1 GeV energy region [40] .
For nucleon resonances,
where the Lagrangian (B10a) contains the pseudoscalar-pseudovector mixing parameter λ, similar to Eq. (B7b).
Each hadronic vertex obtained from the interaction Lagrangians given in this subsection is multiplied by a phenomenological cutoff function
where p ′ and p denote the four-momenta of the two baryons, and q is the four-momentum of the meson at the three-point vertex. Here, we use
where the cutoff Λ B = 1200 MeV is taken the same for all the baryons B, and f M (q 2 ) is given by
with n = 1 for a scalar or a pseudoscalar meson and n = 2 for a vector meson. m M denotes the mass of meson M . The values of Λ M are taken the same as those used in Ref. [30] .
Energy-dependent resonance widths
Our formalism is adapted to accommodate energydependent resonance widths with the appropriate threshold behavior.
For a spin-1/2 resonance propagator, we use the ansatz
where m R is the mass of the resonance with fourmomentum p. Γ is the width function whose functional behavior will be given below. For spin-3/2, the resonant propagator reads in a schematic matrix notation 
where β, α, and ε enumerate the four indices of the γ-matrix components (summation over ε is implied). The inversion in (B15) is to be understood on the full 16-dimensional space of the four Lorentz indices and the four components of the gamma matrices.
In both cases, we write the width Γ as a function of W = √ s according to
where the sums over i accounts for decays of the resonance into two-or three-hadron channels and into radiative decay channels. The total static resonance width is denoted by Γ R and the numerical factors β i describes the branching ratios into the various decay channels, i.e.,
Similar to Refs. [42] [43] [44] [45] , we parameterize the width functionsΓ i (which is normalized to unity at W = m R ) to provide the correct respective threshold behaviors. The details may be found in Ref. [12] .
